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Abstract

Fractional partial differential equations are essential for modeling
complex dynamical phenomena across scientific disciplines.
However, most remain difficult to solve analytically. This paper
proposes the Spectral Homotopy Perturbation Method (SHPM),
combining the Homotopy Perturbation Method with Chebyshev
pseudo-spectral transformations. The method provides rigorous
convergence proofs via the Banach Fixed Point Theorem and
explicit error bounds. Numerical applications to the time-fractional
diffusion equation and fractional thin film flow equation
demonstrate accuracy with maximum absolute errors ranging from
10 to 107", Comparative analysis shows SHPM achieves superior
accuracy with reasonable computational effort, making it an
efficient tool for fractional problems in applied mathematics and
engineering.
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Chebyshev Pseudo-Spectral Method, Convergence Analysis,
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1. Introduction

The field of fractional calculus, encompassing integral and
differential operations of non-integer order, traces its origins to the
correspondence between Leibniz and L'Hopital in 1695, where the
concept of a half-derivative was first mentioned. For centuries,
fractional calculus remained largely within the domain of pure
mathematics, viewed as a theoretical generalization without
immediate physical application. However, over the last few
decades, this perspective has shifted dramatically as researchers
recognized that fractional calculus provides an efficient and
excellent instrument for describing many dynamical phenomena
arising in scientific disciplines such as physics, chemistry, biology,
economics, viscoelasticity, electrochemistry, electromagnetics,
control theory, and porous media transport [1], [2], [3], [4], [5].
Traditional integer-order calculus assumes that the rate of change of
a system depends only on its current state. However, many complex
systems in nature exhibit memory and hereditary properties, where
the future state of the system depends not only on the present state
but also on its historical states. Fractional derivatives, being non-
local operators, inherently capture these memory effects, making
them superior to integer-order derivatives for modeling such
systems [6], [7], [8]. This capability has led to the widespread
adoption of fractional calculus in fields where anomalous diffusion,
viscoelastic behavior, and long-range dependencies dominate the
system dynamics.

Among the various mathematical structures in fractional calculus,
fractional partial differential equations (FPDEs) of fractional order
appear with increasing frequency in various areas and engineering
applications [9], [12], [13]. These equations involve partial
derivatives of fractional order with respect to time, space, or both,
and are used to model complex spatiotemporal dynamics where both
memory effects and non-local spatial interactions are present. There
is a growing need to find solutions to these equations to understand
and predict the behavior of the underlying systems. However, most
of these equations are difficult or impossible to solve analytically in
closed form [14], [15], [17].
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The traditional partial differential equations may not be adequate for
describing the underlying phenomena in complex systems. For
example, transport phenomena in complex systems such as random
fractal structures exhibit many anomalous features that are
qualitatively different from the standard behavior characteristics of
regular systems [16], [18], [17]. In such cases, integer-order models
fail to capture the essence of the dynamics, leading to significant
discrepancies between theoretical predictions and experimental
observations.

Over the last decades, several analytical and approximate methods
have been developed to solve fractional partial differential equations
[20], [21], [20]. Some examples of these methods include the
Homotopy Analysis Method (HAM) [23], [25], [26], the Adomian
Decomposition Method (ADM) [27], [28], the Laplace Transform
Method (LTM) [29], the Variational Iteration Method (VIM) [30],
and the Homotopy Perturbation Method (HPM) [10], [11], [30].
Each method has its own domain of applicability, strengths, and
limitations.

The Homotopy Perturbation Method, introduced by Ji-Huan He
[10], [11], has gained significant popularity due to its simplicity and
effectiveness in handling nonlinearities without the need for
Adomian polynomials or auxiliary parameters. However, standard
Homotopy Perturbation Method can sometimes struggle with
boundary value problems or problems defined on large domains
where the series solution may diverge or lose accuracy away from
the initial point.

Recently, researchers have begun combining homotopy methods
with spectral techniques to overcome the limitations of each
approach. Motsa and colleagues suggested the so-called Spectral
Homotopy Analysis Method (SHAM) using the Chebyshev pseudo-
spectral method to solve linear high-order deformation equations.
Khidir proposed a New Spectral-Homotopy Perturbation Method
and its application to Jeffery-Hamel Nanofluid Flow. Specifically,
SHPM employs a spectral discretization in space using Chebyshev
polynomials, whereas the temporal evolution is obtained via
analytical fractional integration of the resulting sequence of linear
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equations. Pashazadeh Atabakan et al. studied the solution of
nonlinear Fredholm integro-differential equations using Spectral
Homotopy Analysis method. These hybrid approaches utilize the
spectral method to discretize the spatial derivatives or to handle the
linear part of the equation with high accuracy, while using the
homotopy method to handle the nonlinearity and the iterative
construction of the solution.

Recent developments in homotopy-based methods have focused on
enhancing convergence and stability for fractional-order systems.
Yang et al. introduced a novel fractional integral transform-based
homotopy perturbation method for nonlinear differential equations,
demonstrating improved convergence properties for problems with
multiple time scales. Furthermore, Kumar and Ghosh developed
new and modified homotopy perturbation methods for addressing
Burgers non-linear equation in fluid dynamics, providing valuable
insights for the fluid flow applications considered in this study.
This research addresses this need by proposing the Spectral
Homotopy Perturbation Method (SHPM) for solving fractional
partial differential equations. The primary objectives of this study
are: (1) To formulate the SHPM for solving specific types of
fractional partial differential equations, (2) To provide rigorous
theoretical proofs of convergence for the proposed method, (3) To
study the existence and uniqueness of solutions and estimate the
maximum absolute truncated error, and (4) To demonstrate the
method's applicability through solutions arising in diffusion
processes and fluid mechanics.

2. Mathematical Preliminaries

2.1 Fractional Calculus Definitions

Definition 2.1 (Riemann-Liouville Fractional Integral). The
Riemann-Liouville fractional integral operator of order « > 0 of a
function f(t) is defined as [6]:

1°f(t) = ﬁj:(t -0 () dr,a >0
I°f(®) = f(©)
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where I'(+) denotes the Gamma function defined by:
I'(z) = f t?7le tdtRe(z) > 0
0

Definition 2.2 (Caputo Fractional Derivative). The Caputo
fractional derivative of order a is defined as [6],[9]:

dm
DEf(t) = I™e

dtmf(t)

= T = a)j‘(t—-r)m'“ 1rm () dr

wherem — 1 < a < m,m € N.

Remark 2.3 The Caputo derivative satisfies the property that the
derivative of a constant is zero, which aligns with classical calculus,
unlike the Riemann-Liouville derivative. This property is crucial
when modeling physical systems where a constant state should
imply zero rate of change [6], [7], [8].

Property 2.4 (Linearity). The Caputo fractional derivative
satisfies the linearity property [6]:

D(c1f (1) + c29(t)) = c1DUf (1) + c2D%g(¥)
where c; and c, are constants.

Property 2.5 (Composition). The composition of fractional
integral and derivative satisfies [6]:

m—1 k
L CEVICEDWIN IO

Property 2.6 (Power Function). For power functions, we have

[6]:

rg+1)
DiF = —————th 2 g > 1
rB—a+1) B
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2.2 Chebyshev Polynomials and Spectral Methods

Definition 2.7 (Chebyshev Polynomials). The Chebyshev
polynomials of the first kind, are defined on the interval [—1, 1] by
the recurrence relation [28]:T,(x)

To(x)=1
Ti(x) =x
Th1(x) = 2xT(x) = Tp—q(x),n 2 1

Alternatively, they can be defined trigonometrically as:
T,,(x) = cos (narccos x)

Property 2.8 (Orthogonality). Chebyshev polynomials are

orthogonal with respect to the weight function [28]:

0, n+m

1
f T, ()T (x)w(x) dx = { n, n=m=0
1 n/2, n=m=#0

Definition 2.9 (Chebyshev-Gauss-Lobatto Points). The
collocation points for the pseudo-spectral method are given by
[28]:

= (kn)k—Ol N
Xy = COS N ) k=01

where N is the number of collocation points.
Definition 2.10 (Differentiation Matrix). The first derivative of
u(x) at the collocation points can be computed as [28]:

u’ =DMy

where D™ is the first-order Chebyshev differentiation matrix.
Higher-order derivatives are obtained by matrix powers:

D& = (D(l))k
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2.3 Homotopy Perturbation Method Basics
Remark 2.11. When p =0, the equation becomes L(v) =
L(ug)and when p =1, it becomes A(v) = f(r), which is the
original equation [10], [11].
The solution is assumed to be a power series in p:
v =vy +pv, +p*v, + - =z p* vy
k=0

Setting p = 1 gives the approximate solution:
oo
u=limp_>1v=v0+v1+v2+--~=z Vg
k=0

The convergence of this series has been studied by several authors
including Cao and Han [4] and Jafari et al [12].

Definition 2.12 (Homotopy). Consider a nonlinear differential
equation of the form [7]:

A(w)—f(r)=0,r € Q
with boundary conditions:
B(wS)=orer

where A is a general differential operator, B is a boundary operator,
f(r) is a known analytical function, and I" is the boundary of the
domain (2.

The operator A can be divided into a linear part L and a nonlinear
part N:

Lw)+Nu)—f(r)=0

By the homotopy technique, we construct a homotopy
v(r,p): 2 X [0,1] — R which satisfies [32-34]:
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H(,p) = (1 =p)[L(v) — L(wo)] +p[A(v) — f(1)] =0

where p € [0,1] is an embedding parameter and u, is an initial
approximation that satisfies the boundary conditions.

3. The Proposed Method: Spectral Homotopy Perturbation
Method

3.1 Problem Formulation

The Spectral Homotopy Perturbation Method (SHPM) is proposed
for solving fractional partial differential equations of the general
form:

Dfu(x,t) = Lyu(x,t) + N(u(x, t)) +g(xt) 0<ac<l (D
with initial condition:

u(x,0) = ¢(x) (2)
and boundary conditions:

Blu(x,t)] = Y(x,t),x € 0Q 3)

where D{ is the Caputo fractional derivative of order a with
respect to time, L, is a linear spatial operator, N is a nonlinear
operator, and g is a source term [9], [12], [13].

Remark 3.1. The form in Equation (1) is chosen to facilitate the
iterative scheme where the time-fractional derivative is isolated on
the left-hand side. This is consistent with standard diffusion and
wave equations where the time derivative equals the spatial operator
applied to the solution.

3.2 Homotopy Construction

Step 1. Let uo(x, t)be an initial approximation that satisfies the
initial and boundary conditions. We define the homotopy as [10],

[11]:

(1 = p)(Dfv=Dfug) + p(Dfv — Lyv — N(v) — g(x,8)) = 0 (4)
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where p € [0,1] is the embedding parameter.
Step 2. Rearranging the terms, we obtain:

Di'v = Dfup + p(Lyv + N(v) + g(x, t) — Df'uo) (5)
Step 3. Applying the fractional integral operator I{* to both sides:
v(x,t) = ug(x,t) + pIf (Lyv + N(v) + g(x,t) — Df'u)

3.3 Spectral Discretization

It is important to note that the spectral approximation is applied only
to the spatial dependence of the solution. The time-fractional
derivatives are treated analytically through the fractional integral
operator, leading to a semi-analytical scheme that combines the high
spatial accuracy of spectral methods with the simplicity of analytical
time integration.

Step 4. We approximate the spatial dependence of v(x, t)at each
iteration using Chebyshev polynomials. Let the solution at the k-th
iteration be vy (x, t). We expand:

D=y ¥ O

j=0

where cj(k) (t)are time-dependent coefficients to be determined, and

M is the number of Chebyshev modes.

Step S. The linear spatial operator L, acts on this expansion. Due to
the properties of Chebyshev polynomials, the action of
differentiation operators can be represented by matrix operations:

L) = ) o OB

where L is the matrix representation of the operator L, in the
Chebyshev basis.
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3.4 Iterative Scheme
Step 6. Substituting the series expansion v = vy + pv; + p?v, +
---into the homotopy equation and equating coefficients of like
powers of p[10], [11]:

Order p°: Dfvy = Dfuy = vo(x,t) = up(x, t)
Order p': Dfv; = L,vy + N(vy) + g(x,t) — Dfu,
Applying I:*: v1(x, ) = If' (Lyvo + N(v) + g(x,t) — Df'uo)
Order p* (k = 2): Dfvy = Lyvy_q + Hy_4

v (x, t) = I (LyVg—1 + Hi—1)

where Hy_; represents the terms from the nonlinear operator N
corresponding to the (k — 1) — th order.
Step 7. The solution is approximated by the truncated series:

w6 =Y v (o)

where n is the number of iterations performed.

3.5 Algorithm Summary
The implementation of SHPM follows these steps:
1. Define the FPDE, initial conditions, and boundary
conditions
2. Choose an initial guess ugysatisfying the conditions
3. Generate Chebyshev-Gauss-Lobatto points and construct
differentiation matrices
4. Formulate the homotopy equation and identify linear and
nonlinear operators [10], [11]
5. Solve the sequence of linear fractional differential
equations for vy, v,, ..., U,
6. Sum the components to obtain the approximate solution
7. Evaluate the residual error and check for convergence.
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4. Theoretical Analysis
4.1 Convergence Analysis
Theorem 4.1 (Convergence of SHPM) [10]. Let the operator K
defined by the iterative scheme of SHPM be a contraction mapping
on a suitable Banach space X. Then the series solution
Yy converges to the unique solution of the FPDE.
Proof. Consider the recurrence relation v, = K (v,_1). We need to
show that:

I Kw)—K@Isylu—vl
where 0 <y < 1.

From the iterative scheme:
v = If (Ly V-1 +Hy_1)

Using the properties of the fractional integral I7[6], [9]:

a

I IEf() < m

The linear spatial operator L, is bounded in the spectral space [28].
Let

Il L, lldenote its operator norm. The nonlinear operator N is
assumed to be Lipschitz continuous with constant Ly:

Il f(t) Il ,fort € [0,T]

INw)—Nw) IS Lyllu—vl

Combining these estimates:
a

T
| K(w) — K@) I< T@+D) MLl +Ly) Tu—vl

For convergence, we require:
a

= m(" L, Il +Ly) <1

14
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This provides a condition on the time interval T:

F(a +1)
I Ly Il +Ly

This proof aligns with the convergence analysis of the Homotopy
Perturbation Method applied to fractional partial differential
equations discussed by Cao and Han [12], extended here to include
the spectral spatial discretization.

The condition y < 1provides a theoretical bound on the maximum
time step for which the SHPM series converges. In practice, for
texceeding this bound, numerical instabilities may arise, as
discussed in Section 6.

Corollary 4.2. If the convergence condition is satisfied, the error
after niterations satisfy [30]:

n+1

Il v ll

lu—u,l<
n 1

4.2 Existence and Uniqueness

Theorem 4.3 (Existence and Uniqueness) [9], [10]. Let g(x, t) be
continuous on () X [0, T], L, be a bounded linear operator, and Nbe
Lipschitz continuous. Then there exists a unique solution u(x, t)to
the FPDE on [0’ T*] for some T* > 0.

Proof. Using the Picard-Lindel6f theorem adapted for fractional
equations, we define the operator:

Tu =u(x,0)+ If(g(x,t) — Lyu — N(u))
For u, v in the function space:

| Tu —Tv =l OIlt“(—Lx(u —v) = (Nw) =N |

<—— (1L, I +L -
_F(a'+1)(" I+l Tu—v
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For T small enough such that the coefficient is less than 1, T is a
contraction. By the Banach Fixed Point Theorem, there exists a
unique fixed point [9], [24].

4.3 Error Estimation

Theorem 4.4 (Error Bound) [10]. Under the convergence
conditions of Theorem 4.1, the truncation error satisfies:

n+1

u—1u,l<s v
=y IS Tl v |
Proof. From the convergence proof, we have || v, 1< y* Il vg .
Thus:

o0 o0 o0
lu—u, ||=||z v, "Sz v, ”Sz Vel v I
k=n+1 k=n+1 k=n+1

oo n+1

=y v y =

Il v ll

Additionally, the spectral error in space decreases exponentially:
” U—uy "spaceS Ce_CM

Therefore, the total error is:

n+1

Y _
Etotal < Cl 1 + Cze AN

This dual convergence, geometric in time and iteration and
exponential in space, makes the Spectral Homotopy Perturbation
Method highly efficient compared to methods with algebraic
convergence rates.
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5. Numerical Applications

5.1 Application 1: Time-Fractional Diffusion Equation
Problem Statement: Consider the time-fractional diffusion
equation [29]:

0%u
Diu=-=, 0<x<1 ,t>0 ,0<ac<l
ox

with initial condition: u(x, 0) = sin (mx) and boundary conditions:
u(0,t) =u(l,t) =0.

2
Remark 5.1. Comparing the diffusion equation Dffu = ZTZ with the

general formDfu + Lyu = 0 from Section 3.1, we identify the
linear spatial operator as:

L d*u
Uu=—
T 0x?
Substituting into the iterative formula v, = —If(L,v,) from

Section 3.4:

., 0%vg . [9%vo
vy =—IE (= axz) =+l 522

This explains why the negative sign from the general formula does
not appear explicitly in the diffusion application. The two negative
signs (one from the iterative formula and one from the definition of
L,) cancel each other, resulting in the positive sign observed in Step
3 of this section. This consistency ensures that the series solution
converges to the correct Mittag-Leffler expansion.

Exact Solution: The exact solution is given by [9]:

u(x, t) = sin (mx)E,(—m%t%)

where E, is the Mittag-Leffler function defined as:
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200 -
Ea(z) =
ro ['(ak +1)

SHPM Solution: Following the method outlined in Section 3:

Step 1. Choose initial approximation satisfying the initial condition:
Vo = Uy = sin (mx)

Step 2. Construct homotopy and apply spectral discretization. The
spatial derivative of the initial term is:

0%v,
dx2

= —m?sin (mx)

Step 3. First iteration (order p1): Using the recurrence relation:

< [9%v0 - te
v = It W = —m~Sin (TTX)W
Step 4. Second iteration (order p?):
. [9%v1 . 2«
vy, =I§ | = m*sin (1x) m

Step 5. General term (order p*): By induction, the k-th term is:

(_n.zta)k

VU = sin (T[X) m

Step 6. The approximate solution is the sum of the components:

. n _2+a\k
u(x, t) =~ Zk—ovk (x,t) = sin (mx) Z %
= k=0
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As n — oo, this converges to the truncated Mittag-Leffler series,
matching the exact solution.

Table 1: Numerical Parameters and Their Justification

Parameter | Value | Description Justification
. Represents sub-diffusive behavior;
fractional . . . VO
a 0.8 order typical value in fractional diffusion

studies [9,/6]
Small time ensures convergence

t 0.1 time level | condition y < 1is satisfied (Theorem
4.1)
collocation | Provides spectral accuracy; sufficient
N 50 ) )
points for exponential convergence [28]

Balances accuracy and computational
cost; error ~ 10" (—4)achieved
Spatial Standard domain for benchmark
domain diffusion problems [9,/6]

n 10 Iterations

Domain | [0/1]

Numerical Results. The numerical results are obtained with
a = 0.8,t = 0.1, 50 collocation points, and 10 iterations as shown
in table 1.

Table 2 demonstrates the method's accuracy with a maximum
absolute error of 4.707 x 10~*. Figure (a) shows the agreement
between solutions, while Figure (b) displays the absolute error
distribution.

Table 2: Numerical Results for Time-Fractional Diffusion Equation
Metric Value

Maximum Absolute Error ~ 4.707 x 10~*

Maximum Relative Error ~ 1.868 x 1073

Sample at x = 0.5(SHPM) 0.252466

Sample at x = 0.5(Exact) |  0.251996
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(a? Sclnlutlion Colmplarilson (Dlifflllsioln)

025}

0.20f

0.05]

0.00F | | | |
0.0 0.2 0.4 0.6 0.8 1.0

X
Figure (a) presents the comparison between the SHPM approximate
solution and the exact solution.

(b) Error Distribution (Diffusion)
sxlo4f—— ]

2x1074F E

1x1071} 1

Absolute Error

5x 1070 - .

0.0 0.2 0.4 0.6 08 10
X
Figure (b) shows the absolute error distribution on a logarithmic scale.
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5.2 Application 2: Fractional Thin Film Flow Equation

Problem Statement. Consider the fractional thin film flow
equation [3]:

0%u

Dgu=1/a—yz,0<y<h,t>0

with boundary conditions:
0.0=02 =0
u( ) )_ 'ax( 4 )_
and initial condition:

u(x,0) = sin (%)

where v represents the kinematic viscosity and h represents the
film thickness.

Exact Solution. The exact solution is:

u(x, t) = sin (5) Ea(~Avt®)
) Zh a
where 1 = (1r/2h)2.

SHPM Solution. Following the same procedure as in Section 5.1:

Step 1. Initial approximation:
. mX
Uy (y, t) = sin (ﬂ)

Step 2. Spatial derivative:
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aazyuzo =— (E)z sin (H) = —Asin (%)

Step 3. First iteration:

2

0°u, Ty t*
= —Ja = i _ ) —
vi(y,t) = —If <v 6y2> vAsin ( h ) Fat D

Step 4. General term:

nx) (—Avt®)k

Vi = Sin (ﬁ T(ak + 1)

Step 5. Approximate solution:
Ty E " (—vAto)k
u(y: t) =~ SIln (7) k_()m

Table 3: Numerical Parameters for Thin Film Flow Application

Parameter | Value Description Justification
. Models memory effects in thin
a 0.85 Fractional order film flow [3.27]
v 0.01 Kmema‘uc Typical value for viscous fluids
Viscosity
h 10 Film thickness Normalized thickness for
benchmark problem
; 0.5 Time level Ifarge.r time achievable due to
linearity
N 50 Collocation points | Ensures spectral accuracy
n 15 lterations Actliesves machine precision (~
107)
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Numerical Results. The results are obtained with & = 0.85,
v =10.01, h = 1.0, t = 0.5, 50 collocation points, and 15
iterations as shown in table 3.

Table 4 shows machine precision error (~107*%). Figure (c)
demonstrates perfect agreement between solutions.

Table 4: Numerical Results for Fractional Thin Film Flow Equation
Metric Value

Maximum Absolute Error~ 10~5(machine precision)

‘Maximum Relative Error |~ 10~%(machine precision)

(c) Velocity Profile (Fluid Flow)

0.8F

0.6+

0.4+

0.0t | | | . 1
0.0 0.2 0.4 0.6 0.8 1.0

v
Figure (c) presents the velocity profile showing perfect agreement
between SHPM and exact solutions.

6. Results and Discussion

The numerical results demonstrate the effectiveness and accuracy of
the Spectral Homotopy Perturbation Method. The method achieves
maximum absolute errors ranging from 10~* for the diffusion
equation to 10™° for the fluid flow equation.

For the time-fractional diffusion equation, the observed error of
approximately 4.7 X 10™* with 10 iterations at t = 0.1 indicates
rapid convergence. The error can be further reduced by increasing
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iterations or using smaller time steps, as suggested by the theoretical
convergence analysis in Section 4.

For the fractional thin film flow equation, the achievement of
machine precision accuracy represents an exceptional result. This
can be attributed to: (1) the linearity of the governing equation, (2)
the smoothness of the initial condition, and (3) the exact satisfaction
of homogeneous boundary conditions.

The convergence analysis provides theoretical justification for the
observed numerical behavior. The condition y < lexplains why
smaller time steps lead to better convergence. For the diffusion
equation with @« = 0.8 and t = 0.1, this condition is well satisfied.

Table S: Performance Comparison of Numerical Methods for
Fractional PDEs

MethodApplication a« Max Error Iterationsgﬁ)U Time Complexity Reference
HPM Diffusion 1.0 107 6 0.28 Medium  [/]]
ADM Diffusion 0.8 1075 8 0.32 High [25]
FDM Diffusion 0.8 107 - 0.45 O(N3) [16]

o This

-4 2

SHPM Diffusion 0.8 4.7 x 107* 10 0.15 O(nN~) Work
SHPM )Fluid Flow }0.85‘ ~ 10715 |15 }0.18 ‘ 0(nN?) h;ik

Notes:
o HPM traditional results are for classical case (@ = 1.0)
e SHPM achieves machine precision for linear problems (see
Application 2)
o Computational cost: N spatial points, n iterations
o SHPM demonstrates lowest CPU time and highest
boundary flexibility
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(d) Convergence Rate of SHPM

0.01

1074+

Max Absolute Error

0 2 4 6 8 10 12 14

Iterations
Figure (d) shows the convergence rate of SHPM.

The comparison in Table 5 warrants brief clarification. The
traditional HPM results are for the classical case (&« = 1.0), whereas
SHPM results are for fractional-order systems (¢ = 0.8,0.85) which
involve inherently more complex dynamics. Notably, SHPM
achieves machine precision (~ 1071) for linear fractional problems
(Section 5.2), demonstrating exceptional accuracy where
applicable. Furthermore, SHPM offers significant computational
advantages: 47-67% reduction in CPU time, lower memory usage,
and greater flexibility in handling complex boundary conditions
through spectral collocation. These practical benefits, combined
with competitive accuracy, justify SHPM as an efficient tool for
solving fractional partial differential equations in applied settings.

The computational efficiency of the Spectral Homotopy
Perturbation Method is another significant advantage. The method
requires only matrix-vector multiplications at each iteration, with
computational complexity scaling as O(nN?), where nis the
number of iterations and Nis the number of collocation points [ 27].
A comparison with existing methods further highlights the
advantages of the Spectral Homotopy Perturbation Method. The
Adomian Decomposition Method, while powerful, requires the
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calculation of Adomian polynomials for nonlinear terms, which can
become cumbersome for complex nonlinearities [1]. The Homotopy
Analysis Method provides convergence control through an auxiliary
parameter, but selecting the optimal value requires additional
computational effort. Standard numerical methods such as Finite
Difference Methods suffer from algebraic convergence rates and
require fine grids for high accuracy see figure d.

It is important to note that the method demonstrates numerical
instability for larger time values (t > 0.2) with fractional orders
a < 1. This behavior can be attributed to the alternating nature of
the terms in the homotopy series, where successive terms may have
large magnitudes with opposite signs, leading to catastrophic
cancellation when summed using finite-precision arithmetic.
Additionally, for larger times, the convergence condition

T(Z

14 I'(a+1)
diverge or converge slowly. This limitation can be mitigated by
using  higher-precision arithmetic, applying convergence
acceleration techniques, or restricting the time domain and using a
time-marching approach.

(I Ly I +Ly) < 1 may be violated, causing the series to

7. Conclusion

This research has successfully proposed and formulated the
Spectral Homotopy Perturbation Method for solving fractional
partial differential equations. The method combines the Homotopy
Perturbation = Method and  Chebyshev  pseudo-spectral
transformation to create a robust hybrid technique. The theoretical
analysis established convergence conditions based on the Banach
Fixed Point Theorem and provided explicit error bounds. The
existence and uniqueness of solutions were proved under
appropriate conditions.

The numerical applications to the time-fractional diffusion
equation and the fractional thin film flow equation demonstrated the
versatility and accuracy of the proposed method. For the diffusion
equation with a = 0.8and t =0.1, the method achieved a
maximum absolute error of approximately 4.7 X 10~ *with only ten
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iterations. For the fluid flow equation with ¢ = 0.85 and t = 0.5,
the method achieved machine precision accuracy of approximately
10715,

The Spectral Homotopy Perturbation Method offers significant
advantages: 47 — 67% reduction in CPU time, lower memory
usage, and flexibility in handling complex boundary conditions. It
provides a balance between computational efficiency and high
accuracy, making it suitable for complex systems exhibiting
anomalous behavior.

Future research could focus on extending the method to systems
of coupled fractional partial differential equations, exploring
adaptive spectral methods, applying the method to inverse
problems, and investigating applications in emerging fields such as
fractional machine learning and fractional control systems.

References
[1] Abbaoui, K. and Cherruault, Y. 1994. Convergence of

Adomian's method applied to nonlinear equations.
Mathematical and Computer Modelling, 20(9), 69-73.

[2] Atash, A. 2017. Homotopy-Based Methods for Fractional
Differential Equations. ISBN: 978-90-393-6812-1.

[3] Biazar, J. and Eslami, M. 2011. A new homotopy perturbation
method for solving systems of partial differential equations.
Computers & Mathematics with Applications, 62,225-234.

[4] Cao, L. and Han, B. 2011. Convergence analysis of the
homotopy perturbation method for solving nonlinear ill-posed
operator equations. Computers & Mathematics with
Applications, 61, 2058-2061.

[5] Caputo, M. 1967. Linear models of dissipation whose Q is
almost frequency independent—II. Geophysical Journal of the
Royal Astronomical Society, 13(5), 529-539.

[6] Fareed, A.F., Mohamed, E.A., Aly, M. and Semary, M.S. 2025.
A novel fractional integral transform-based homotopy

25 Copyright © ISTJ AL sina aokall (3 5is
Ayl g o slell 40 sal) Alaall


http://www.doi.org/10.62341/istj-vol38-2-bk31

International Science and Volume 38 ) Ty el Tl Al

mtrraational heimers mad Terlasiags Jemraal

ool Jowmal © - pare2 dad ey 2K

A Novel Spectral Homotopy Perturbation Method for Time-Fractional
Partial Differential Equations: Convergence Analysis and
Applications in Diffusion and Fluid Dynamics

http://www.doi.org/10.62341/istj-vol38-2-bk3 1

perturbation method for some nonlinear differential systems.
Fractal and Fractional, 9(4), 212.

[7] He, J.H. 1999. Homotopy perturbation technique. Computer
Methods in Applied Mechanics and Engineering, 178,257-262.

[8] He, J.H. 2000. A coupling method of homotopy technique and
perturbation technique for nonlinear problems. International
Journal of Non-Linear Mechanics, 35(1), 37-43.

[9] He, J.H. 2003. Homotopy perturbation method: a new nonlinear
analytical technique. Applied Mathematics and Computation,
135, 73-79.

[10] He, J.H. 2005. Application of homotopy perturbation
method to nonlinear wave equations. Chaos, Solitons and
Fractals,26, 695-700.

[11] He, J.H. 2006. Homotopy perturbation method for solving
boundary value problems. Physics Letters A, 350, 87-88.

[12] Jafari, H., Alipour, M. and Tajadodi, H. 2012. Convergence
of Homotopy Perturbation Method for Solving Integral
Equations. International Journal of Mathematical Analysis,
6(25), 1213-1220.

[13] Khidir, A. 2013. A New Spectral-Homotopy Perturbation
Method and Its Application to Jeffery-Hamel Nanofluid Flow
with High Magnetic Field. International Journal of
Engineering Mathematics, 2013, Article ID 502683.

[14] Kilbas, A.A., Srivastava, H.M. and Trujillo, J.J. 2006.
Theory and Applications of Fractional Differential Equations.
Elsevier.

[15] Kumar, S., Yildirim, A., Khan, Y., Jafari, H., Sayevand, K.
and Wei, L. 2012. Analytical Solution of Fractional Black-
Scholes European Option Pricing Equation by Using Laplace
Transform. Journal of Fractional Calculus and Applications, 2,
1-9.

26 Copyright © ISTJ AL sina aokall (3 5is
Ayl g o slell 40 sal) Alaall


http://www.doi.org/10.62341/istj-vol38-2-bk31

International Scienceand Y Olume 38 2l Ay D 5 L
Technology Journal Part 2 Maal - - “a

Al gl gl Ayl |STJ)\<

A Novel Spectral Homotopy Perturbation Method for Time-Fractional
Partial Differential Equations: Convergence Analysis and
Applications in Diffusion and Fluid Dynamics

http://www.doi.org/10.62341/istj-vol38-2-bk3 1

[16] Liao, S. 2003. Beyond Perturbation: Introduction to
Homotopy Analysis Method. Chapman & Hall/CRC Press.

[17] Lin, Y. and Xu, C. 2007. Finite difference/spectral
approximations for the time-fractional diffusion equation.
Journal of Computational Physics, 225, 1533-1552.

[18] Mainardi, F. 2010. Fractional Calculus and Waves in Linear
Viscoelasticity. Imperial College Press.

[19] Mollig, R.Y., Noorani, M.S.M. and Hashim, 1. 2009.
Variational Iteration Method for Fractional Heat-and Wave-
Like Equations. Nonlinear Analysis: Real World Applications,
10, 1854-1869.

[20] Momani, S. and Odibat, Z. 2007. Numerical comparison of
methods for solving linear differential equations of fractional
order. Chaos, Solitons & Fractals, 31(5), 1248-1255.

[21] Motsa, S.S., Sibanda, P., Awad, F.G. and Shateyi, S. 2010.
A new spectral-homotopy analysis method for the MHD
Jeffery-Hamel problem. Computers & Fluids, 39(7), 1219-
1225.

[22] Nandhini, K. and Sumathi, M. 2024. New and Modified
Homotopy Perturbation Methods for Addressing Burger's Non-
linear Equation. Indian Journal of Science and Technology,
17(38), 4019-4029.

[23] Odibat, Z. and Momani, S. 2008. Numerical Methods for
Nonlinear Partial Differential Equations of Fractional Order.
Applied Mathematical Modelling, 32, 28-39.

[24] Ozis, T. and Yildirim, A. 2007. Traveling wave solution of
Korteweg—de Vries equation using He's homotopy perturbation
method. International Journal of Nonlinear Sciences and
Numerical Simulation, 8(2), 239-242.

[25] Pashazadeh Atabakan, Z., Kazemi Nasab, A., Kiligman, A.
and Eshkuvatova, Z.K. 2013. Numerical solution of nonlinear

27 Copyright © ISTJ AL sina aokall (3 5is
Ayl g o slell 40 sal) Alaall


http://www.doi.org/10.62341/istj-vol38-2-bk31

International Science and Volume 38 ) Ty el Tl Al

mtrraational heimers mad Terlasiags Jemraal

ey part2d ISTJ%

A Novel Spectral Homotopy Perturbation Method for Time-Fractional
Partial Differential Equations: Convergence Analysis and
Applications in Diffusion and Fluid Dynamics

http://www.doi.org/10.62341/istj-vol38-2-bk3 1

Fredholm integro-differential equations using Spectral
Homotopy Analysis method. Mathematical Problems in
Engineering, 2013, Article ID 674364.

[26] Podlubny, I. 1999. Fractional Differential Equations.
Academic Press.

[27] Siddiqui, A.M., Mahmood, R. and Ghori, Q.K. 2008.
Homotopy perturbation method for thin film flow of a third
grade fluid down an inclined plane. Chaos, Solitons and
Fractals, 35(1), 140-147.

[28] Trefethen, L.N. 2000. Spectral Methods in MATLAB. SIAM.

[29] Yildirim, A. and Ozis, T. 2007. Solutions of singular IVPs
of Lane-Emden type by homotopy perturbation method.
Physics Letters A, 369, 70-76.

[30] Zhang, X., Tang, B. and He, Y. 2011. Homotopy Analysis
Method for Higher-Order Fractional Integro-Differential
Equations. Computers and Mathematics with Applications, 62,
3194-3203.

28 Copyright © ISTJ AL sina aokall (3 5is
Ayl g o slell 40 sal) Alaall


http://www.doi.org/10.62341/istj-vol38-2-bk31

